
1 Exercise 1: Microcausality of charge-current
density operator

Consider a quantized free Dirac field ψ̂(x) and its associated charge-current
density operator:

ĵµ(x) = −e ˆ̄ψ(x)γµψ̂(x) (1)

Show that
[ĵµ(x), ĵν(x)] = O (2)

if (x− y) is space-like, i.e. (x− y)2 < 0.

2 Exercise 2: Scalar field and anticommutators

Consider a free Hermitian scalar field φ̂. Show that if one postulates anticom-
mutation relations: {

a(k), a†(p)
}

= δ3 (k− p)

and
{a(k), a(p)} =

{
a†(k), a†(p)

}
= 0

then
[φ(x), φ(y)] 6= 0

and
{φ(x), φ(y)} 6= 0

for space-like intervals, i.e. (x − y)2 < 0. Discuss briefly the implication of
this result. Hint: The commutator will result in an operator expression. To
evaluate it, consider the expectation value on a single particle state or between
the vacuum and a two particle states (in order to obtain a scalar quantity).

3 Exercise 3: Scalar QED

Consider a complex scalar field φ̂ (describing a particle χ and antiparticle χ̄)
and a vector, Hermitian massless field Âµ (describing photons). Consider the
Lagrangian of the free Hermitian field and construct the intaracting Lagrangian
by applying the minimal coupling prescription, i.e.

∂µ → Dµ = ∂µ + ieÂµ

Which are the gauge transformations associated to the two fields, such that
the action obtained from that Lagrangian is invariant? What happens if φ̂ is
Hermitian? Hint: for the Âµ field, consider the free Lagrangian:

−1

4
F̂µν F̂

µν .
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